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ABSTRACT

• - A typica3~ Inequality of the. Weieratrass product type states that
n n n

• - w (l+A~). � (n+l)~~w A ~..~ vhereA.� O~ i—l,...,n . snd I A  . 1.
i l  i i—l i

• This short note shows that the powerful tools of me~)orisation and Schur

functions provide a unified method for deriving , a variet y of Weiarstrass

• 

• i type inequalities .-
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UNIFIED TRZ&fl~~ I OF INEQUALITIES OP THE
HEIUSI*ASS P~~~UCT TYPE

by

~~sd El—Nev.ihj, University of Kentucky and
Frank Proschan1, Flor ida State University

In a note by V1a~~in and Neuman 113, it was shown that
n n

• Cl) t (l+A~) � (~~~1)fl s
i—i • •

. 1 n n
• (2) T (l

~Ai) ~ (~_1)a , ~~~i—i i—i

• n
where £4 � 0 (isl,2, .. ,n) and I £~ — 1. Under the same conditions it

i—i• vu shown by Kl~~~in in [23 that

a a
w (1+Ai) t (i-A~,)

(3) 4~l i—i
(n+l)~ (5.ml)~

with equa lity if A~ — ~~~‘ . In [2] the autho r refers to a similar inequality
to (2) Ky Pan [[43, p. 363] under tighter conditions on A~ but more relaxed
condition on ZA~~ namely,

a n— I A  ~ a(4) ~ (l—A~) � (  ~~ w A 4 f o r O c A i~~~+.F1 i—i

Inequalities (1) , (2) and (3) are proved by the authors as ext nsioas of
the W.ierst rass product inequalitie s (see (13) .I

1leesarch sponsored by Air Force Offic, of Scientific Research, USA?, £75C,under A?OSP. Graat 74 ’tS lC. Reproduction is permitted for any purpos , of the• United Stat es Oov.naent .

E1• ~~~~~~ . 
_ _ _ _ _ _ _



-, .•• •-•••-. .,• .—~• — -.•• • ••. — — —••••••~~~~~~ ,•

2

The main purpose of this note - is to show that the inequalities (1),

(2) , (3) and (4) can be obtained by a uniform approach using the powerful

• tools of maj orization and Scbur—functions. Maj or iutiou (defined in
• Section 2) is a partial ordering in ~~~ the n—dimensional Euclidean apace.

A Schur—fu nction is a function that is monotone with r espect to this

partial ord ering . In Section 2 we show that inequalities (1) , (2) , (3) and .

(4) follow iiamediately by observing that certain functions are Schur—function.,

thus providing a unifying and more transparent proof of these inequalities.

Section 2. We now give the standard definitions and resul ts of aajorj. zatioa
• and Schur—functio ns needed for provi ng inequalities (1) , (2) , (3) and (4)
• Given a vector z — (x1,. . ., x~), let x~11 � ... � x~~1 denote

a decreasing rearrangement of

Definition 1. A vector s is said to aajoriz. a vector x’ if

• I I
V ~~ ~ S I• 4. xt il x ril , J• & ,s . . , n_ .&,

I i—l isi ‘‘

and Z x ~~~ — £ X [j j ;• i—l i—l
a

in s ym b o l s x � x .

Definition 2. A function f:R ~~‘ R is said to be a Schur—convex (Schur—conc ave)
• a ,

function if x ~ z leplies that f(x) ~ (�) f(x’). Functions which are either

~ 
• . Schur—convex or Schur—concave are called Schur—functions.

• 2 Theor 1. Let ~: R ‘ ft be a log-convex (log-concave ) real-valued function.
-
~~~~~ 

• n
Let g: ft • ft defined by g(~) — w 4(x4), where x — (x , . . . ,z ). Thena il ~

, - n
• :~‘(~ s is Schur-convex (Schur-concav,) .

Theore~ 1 follo~cs &J !nediat.ly from a th.or am by Ostrowski, (1932) 13) .
‘1
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We are now ready to prove inequalities (1) , (2) , (3) and (4) . Let

n 1£ — ~~~~~~~~~~~ where A~ � o~ z A~ — 1. Clearly £ !
Now let 41(x) — , where x � 0. Then +1(x) is log—convex. Therefore

a n (l+A )
by Th. 1, w $1(x~) is Schur —convex . Hence ir A • (n+l)~ which

i—I, i—i I
establishes (1).

Now 1et $ 2(z)
_
f!~~, O � x < l .  Then $2(x) is log—convex snd so by

• n n (J4~~) ,
Theorem 1, ir 

~~~~~~ 
is Schur-convex . It than follows that ir (j- A) ~• i—i • 

j_i • . j (0_.j)fl

which establishes (3) . Equality holds if A~ — since 42(x) is strictly

log convex.

• Nov let ~3(x) — then $3(x) is log—convex for 0 c x and log—concave

for 4 � x c l .  Also let A — ( A i, .e ., A~
), whe r e O �A j~~~+ .  Clearly

a LA LA a 1-A 1—IA /n a n~~~EA~~fl
A � ~~~~~~~~ so that w 

~~A ~ ~ ~ — ‘ LA ~ establishing (4) .
- n a i—I, ~

Finally, let A~’ — ((n—l)A ,...,(a—1)A ) and let £2 — (l_A1~....l~A~) where
• 1 a 2A~~� O ~~EA1 .l.  It can be easily ver ified that A � A .  By Theorea l,

a
• 

• 
g(x) — w * is a Schur—conc ave function . It then follows that

i—l i

a a n
(~~_1)

fl i r A  — w (n—l)A �
i.l~~ i.l ~~~~i.l ~

~1

proving inequality (2).
•J~~~’

• 

! 
~~ is apparent that many additional inequalitie, of the Weierst rass product

type can be formolated and proved by choosing the appropriate los-concave function,

I~~.
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forming products to obta in a Schur—convex function , and then using Definition
2 above.
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